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The connection between one-parameter mixtures and generalizations
(i.eo y=fold 1) convolutions, with a random y) given by GURLAND (1957)
is used to derive some simple properties of both, pﬂrtiy found with
different proofs in TEICHER (1960). The possible types of & -mixture of

continuous singular components are discussed, The general One-parameter

o

mixture is compared with a representative component , and the generali-
zation with a representative fixed convolution. Examples of mixtures

and generalizations are listed in Appendix 1, Appendix 2 1s a specifica=

tion of the distributions used in the paper.

2. Definitio

but a random variable assuming positive real values. A generalized

1s the n-fold convolution of an arbitrary distri-

bution, where n has a Poisson distribution. These definitions introdu-
ced by FELLER (1943) have been extended by GURLAND (1957) and TEICHER
(1960) to the Definitions 1 and 2 given below., As some asuthors, e.g.
FELLER (1957), use "compound™ for what is here called "generalized",

we shall henceforth replace "compound" by the less ambiguous "mixed".

Definitiom 1. If F.(°) is a distribution function for each parameter

. 1 :
valuE'Be§T<:R1, such that Fe(x) 18 Borel measurable on-T x R |, and H is

e distribution function which assigns probability 1 to T, then the

18 the distribution function FBJQLH given by

(1) (Fg JLB) (x) = [ P (x) an(o).

We shall denote by‘iethe random variable with distribution function F6

1)

Random variables are underlined.



and by x, the random variable with distribution function Fg~

This is a special case of TEICHER's definition of m-parameter
mixtures, In this report the distribution function H 1s always one-
dimensional, though F, may have more than one parsmeter. The extra ©

" A" is convenient in this case., Somet imes we shall

under the sign
write F 6[9\.11 though we could have included the constant c in the

distribution functlon H. The symbol/lis also used between nemes O

distributions. Several well=known mixtures are listed in Appendix 1.

Two examples of mixtures are

Binomial (n,p) f} Poisson (u) = Poisson (up);
(2) |
Poisson (ku) J} Poisson (1) = Neyman A(A,u).

We shall cell a mixture non-trivial if neither H nor all Fg

are degenerate distribution functions. For degenerate H the mixture

is just one Fa, any distribution H could be written as a mixture by
teking F (x) = e(x = 9)3)

It is obvious that for example the characteristic function and
the moments about zero (if existing) are mix-linear with respect to
(worots) Fe.fé\ H, i.e, if % is the characteristic function of Fe and

a(t) = [ o (t) aH(e);

20, If the, random variable x has distribution function F

: th@ nonwnegat ive integer-valued random variable y has distribution
function G, the G-generalized F-distribution, with distribution

function denoted by FGﬂg i8 the distribution of

GURLAND uses FAH and x

more suggestive of the v.derlying idea and avoiding the possibly
confusing suggestion of symmetry.

A0. We have preferred to use another notaetion,

¢ denotes the unit stepfunction.



(L)

vhere the x. ere independent and have common distribution function F.
I the characteristic function ¢ of F is such that {Mt.)}y 18 &
uniquely defined 4) characteristic function for all values y in the
of G, we extend the deflnltlon to

arbitrary distribution

S
FG by their characterise

tic
(5) g(o(t)) €T [ {s(t))Y acly).

This clearly includes the definition by (4). GURLAND (1957) uses

the notation yyx, and GV F, end defines it, for non-negative x and y,

by steting that its generating

ng function is g(f(z)), vhere f(z) = €z~
and g(z) = E z&, In GURLAND's examples, where F is infinitely divisible,
g(£{z)) is always a generating function, but this is not correct in all
cases with Fgom) = 0 and G(0O-) = O, A counterexample is £(z) = pz + g

and g(z) = z°, Compared with GURLAND's definition, our definition admits
negative values for x but excludes the cases where {¢(t)}y ig not a

cheracteristic function for some y in the carrier of G. In the list of
examples in Appendix 1 we have always & non-negetive integer-valued y

or an infinitely divisible x with a non-negative A in both cases xx“
is defined,

) Determine {¢(t)}y = exXp {y log ¢(t)} by selecting & branch of the

logarithmg In every zero of ¢ one may switch from one branch to-
nother. If one such selection gives & characteristic function,
thlﬂ selection is unigue when ¢ is infinitely divisible and alao
when ¢ is regular on an open interval containing O (use {¢(0)} 1
and the extension theorem, LOEVE (1963) p, 212). Whether the
selection 18 unique under other circumstances seems to be unknown.

5)

The carrier of a distribution function G is the set of all values Yy
for which € > 0 implies G(y + €) = G(y = €) > 0,



Definition 3, The family {F‘e | 8¢ T} of digtribution functions is

(worots © ) if we have , for all 6 s N & T:
(6) 8 + ng T and Fe(x) o Fn(x) = Fem(x)q
It is strongly additively closed if there exists a distribution function

F’1 with characteristic function ¢, independent of 6 such that for each

: : 6
€&T the characteristic function ¢6 of Fa 18 ¢e(t) = {¢1(t)} o

If T consists of the positive integers or rationals the two notions
coincide; if T = (0,») an additively closed feamily is strongly additively
closed if %(t) is & continuous function of 6 or if ¢,(t) is real-valued
for real t (see TEICHER (1954), where also additively closed families in
more than one parameter are .inveatigated), PYKE (1960) has shown for
additively closed families with T = [O,ﬂ) that ¢e(t) = {¢1(t)}9 exp {itc(e*)},
vhere the resl-valued function ¢(@) on [0,=) has c(8) = O for all rationmal
6 and c(6) + c(n) = c(6 + n) for all @ > 0 and n > O, For a strongly

additively closed family with for T the positive reals or rationals, ¢
18 of course infinitely divisible. -

1

Ir ¢1 18 not degenerate, the parameter of a strongly additively
closed family can aasume only non-negative values, otherwise |¢9(t)| o
& H 1(1:)'9 would assume values larger than 1,

6)

A Tew examples of strongly additively closed families are '
Normal (Ogae) Voot 02 (c > 0);

HNormal (MB,GEG) Worot, © (6 > 0)3

Poisson (8) werot. 6 (0 > 0):

Binomial (n,p) wercto n  (integer m > 0)3

Pascal (y,p) woroto v (v > O, or integer v > 0);

in all cases the parameter value O corresponds to the degenerate
digtribution in 0 and may be included;

A specification of the distributions is given in Appendix 2.



F(0=) = 0 and G(0=) = 0 and f(g(z)) must be a generating function
o % o < o " -
(corresponding to GF )o Now if ¢(t) is the characteristic function

of H, then by (5) both sides have characteristic function f(g(¢(t))).

For the second formula, one finds from TULCEA's theorem (LOEVE (1963),
p. 137)

(8) [] Fo(x) dGn(e) di(n) = [ 7 (x) a, [ Gn(a) aH(n) .

Remark. It 1s trivial that for a two-parameter family {F 5

(9) (Femﬂ G) /lH = (F, N 1) .glcg

} we have
o N

of 6 and n in the two possible ways in conditional and margingl dige
tributions.

The following basic lemma is a slightly modified form of a theorem
by GURLAND (1957):

Lemms 2, If {F’e | 6 €T} is strongly additively closed and H assigns pro=-
bability 1 to T, then

Hoe
(10) Fe,fe\HrF1 .

Proof. On both sides the characteristic function is f {¢1(t)}e dH(e).

It is not necessary to assume 1T, as ¢1 and F, are défined by
Definition 3,

Several relations of the type (10) are found in Appendix 1.



As an example we mention

m1 o
. .n'] o G et (pq Y)
Pascal (Yap) = PO18sOnN (A) ;..'mu (pq QY) = {Pomson (1)} B
Lemma 3, If {Fe} is strongly additively closed, the operations Fg TARR
QGM may be interchanged.
Proof. By lemmas 1 and 2 we have
By lemms 2, each mixed Poisson distribution Poisson (8) H is also
o Hee . . . . . Poigson®
{Palsson (1)} . Some generalized Poisson distributions G are at

the same time mixed Poisson (e.g. Neyman A and Pascal). MACEDA (1948)
\ ot
proves that all distributions of the form (Poisson /LH)Pm'BBOUL are both

generalized Poisson and mixed Poisson. This is now a consequence of

lemma 3, as we have

(12) (Poisson ﬂ_ H)Po:l.sson* = Poisson A(HPOMBDH*) o

Lemma L, One-sided distributivity of generalizing and mixing with respect

to convolution holds in the following sense: whenever both sides are
defined we have

(13) BUFE™ o (5 w (8%,
and
(1k) Fefe\(n *

1f {FB} ig strongly additively closed.

Proof. If H has characteristic function ¢, both sides of (13) have
characteristic function £{¢(t)) g(é(t)). From (13) and lemma 2 follows (14).

(14) was already proved by TEICHER (1960), by writing out the

integrals. For Fo = Poisson (8) it is mentioned by FELLER (1943) and
MACEDA (1948). The last author proves also



. A _
reisson (0% | (1 2osson (1o

: (A
Poisson )“} » {g L
\ 414

(15) {H

1 2

Only the special form of the Poisson characteristic function makes this
extension of (13) to different H, possible.

One can easily see that the other two distributive laws

is degenerate,

emma 5. If G 1s infinitely divisible, then so is HGM'for each H, and

also FGJQ-G for each strongly additively closed family {Fe}a

Proof. For each positive integer n there is a distribution function G

o i n
such that Gnn = G, Thus by lemmas 4 and 2

(G ) oe G
(16) g =g O = (g 2 )B"
and
/\ G th'nﬂ' | n

The second half of lemma 5 is stated by TEICHER (1960), with a
different proof,

- Type of a mixture

As stated by TEICHER (1960), any mixture of absolutely continuous

distributions is absolutely continuous, while a mixture of discrete
‘distributions can have any type (take Fe(x)-m e(x = 0), where £ ia'the
unit atepfunction)a From TEICHER's .remark that 1‘«‘9 /9111 is discontinuous
1n xo_if and only if the 6-set for which Fe iz discontinuocus in X has
positive H.measure, we see immediately that a mixture of continuous
distributions has no discrete part. The problem for a mixture of contiw

nuous singular distributions, suggested by Dr. Maitra, is settled in the

following lemma,



Lemmae 6. (i) A mixture of continuous singular distributions is again
continuous singuler if the mixture is countable (i.e., if the mixing

distribution H is discrete), (ii) It can be continuous singular or

absolutely continuous or a mixture of both if the mixture 1s non-

countable,

progfs (i) If A denotes Lebesque measure, and M, the measure corres-

ponding to a continuous singular distribution F, , then there exists
t | = = 1 .
a set A with A(A) = 0 and u, (A) =1, while u {x}) = 0 for all x

Now the countable mixture ZDka is continuous singular, since

AMuAa ) =0, Eokuk(u A ) =1 and Lo b ( {x}) = 0 for all x.
(ii) Let F,
carrier contained in [0,1], and let F, denote the same digtribution

denote any continuous singular distribution with

shifted over s positive distance 6 to the right but modulo 1, 1.eo
Fo(x) = Fo(1 + x =8) =F(1-8)if 0 <x <6 and Fo(x) = Fo(x - 8) +
+1-F (1 - 8) if 6 < x < 1, If for fixed p (0O < p < 1) we choose
H(8) = p e(8) + (1 -~ p) U(8), where U denotes the uniform distribution
on [0,1], then

(18) | Fo(x) aH(8) = pF (x) + (1 = p) U(x).

If F, does not modify the location of FO’ but distributes the
mass 1 in a way depending on 6 over the same set A with F-measure 1
and A\(A) = 0, one obtains a non-countable mixture that is agaln

continuous singular,

Moments of mixtures

For the investigation of the moments of the random variable X,

(with distribution function F, fé\.H) we introduce

def
s = Exg= [ x dF,(x)3

(19)
2 98T oP(x,) = [ (x - my)® AP (x)3

m



we shall assume that all moments mentioned exist., By well-knownm
formulae we have

(20)

€(x,10)) + £{c(x,10)} = o®(my) + € &7,

Let us assume that FB has expectation m, = 6 |, then Eg_t_e = éi

6
2 2 2 . i
and o (xe) ) (i) + Es g ° If Fe 18 non-degenerate for some set of

u

f-values assumed with positive probability, then the variance of Xq
is larger than the variance of 8. In the special case Fg = Poisson ()
we have also 329 = 0 and, as proved by FELLER (19L43),

2 o . .

o (35_6) = 02(2_) + f Xgo: the variance of a non-trivial mixture of

Poisson distributions is always larger than its expectation.,

Another special case 1is FB je\Poisson (A), Here it is not very

realistic to assume my = 0, as in most mixtures the expectation of

Fg will not be integer-valued for all 8, If m, = kO for some constant
k and integer 6, then

2 - 2 .
(21) U(_J_C_e)“kx'l'gﬁi:’kl“gi‘?-’

provided we have k > 1, This proviso is not necessary for a Poisson-
mixture of distributions Fo with expectation k8 to have larger
variance than expectation. The Poisson Pascal distribution

Pascal (y8,p) /B\Poisson (A) has expectation Ylp§'1 and variance

Ylpqug(vp + 1) here the variance always exceeds the expectation

1

even if the constant k = ypg is < 1.

6. Comparison between a mixture and one of its

If£ 0 = f @ dH(6) exists and is an admissible parameter value,
it is interesting to compare the mixture Fq J;\H with the single
component F £ g° When the expectation me'of Fo is proportional to 6,



this amounts to & comparison of the mixture to the component with the
same expectation. Starting-point is the result of FELLER (1943) that
for each non=trivial Poisson (B‘Jg-H we have larger 02(3;5)9 larger

P{ﬁ e 0} and smaller P{_ﬁ = ‘B} /PLJE &= 0} than for the Poisson
distribution with the same expectation., Two possible extensions are

stated i1n the following lemmas.

H, where £ O is an admissible

Lemma 7. For & non-trivial mixture F 8

arameter value, each of the following conditions is sufficient for

7)

dFg(x) is a convex function of 8

(b) Fy is Binomial (n,®) for fixed n.

- . . .
We have © (5_9) > 02(.35.56) if (a) holds with strictly convex sg, or if
(b) holds with n > 1, or if we add to (a) that mg agt [ x dF,(x) has

positive wvariance.

Proof. In case (a) we have

2 2 oy 2
22 |
(22) o (_152) = g (m_ﬂ) + Esi 3_:8&6,

by Jensen’s inequality and the fact that the first term is non-

2 .
= n8(1 - 6), and

negative. In case (b) mg = .06, s

{23) 52(56) =t n20'2(3) + n 0 - 1182_2 __::'_ ne_?_ o 3(82)2 = 32&9!

2 2
because (n” - n)o"(8) > 0. The statements on strict inequality follow
dirQCtlysn

femark. The lemma holds for Binomial (n,®) though its variasnce is a

strictly concave function of 6. Casges (a) and (b) together cover all
mixtures listed in Appendix 1, '

7) . -
As usual "convex" includes "linear"; a function f is called "strictly

gqnvex"‘when f(Ax + (1 = A)y) < af(x) + (1 - A f(y) for all x and y
in the interval vhere f is defined and all X &(0,1),

— 10 —



Definition 4. A functional v mapping & class of distribution fur

mto the real mmbers is mlchoncmre WoTlotbo Fe.f} Hy, if it is defined
at least for F,_ .|

(2b) J;m > [ w(Fg) an(s).

= P{x = g | F} and v(F) = P{a. <X <Db | F’} are mixmlineara The expect g~

tion is mix-linear; as we have proved © (35-6) = 0 (m ) + 5 M the

variance is always mix-concave, and for any non-trivial mixture it is

strictly mix~concave unless m, has zero veriance,

Lemma 8, Let F 8 fe'\ H be a non-trivial mixture and E 6 an admissible para-
meter value, If the functional v is mix=concave wo.r.t. F .nH and
v(F ) is & convex function of 8, then v(F .n H) > v(FE e) The last

1nequa.11ty 18 strict as soon as v is strlctly mix-concave or strictly

convex ln 8.

)o

Proof, V(Fafelﬁ) 3.. I V(Fe) dﬂ(e) Z_?(FEB

Example 1. Pascal (y,p) = Poisson (6) fel Gamma (pa”™ ' ,¥).

The variance 3§ = 6 18 linear in &, so lemma 7 is applicable. In fact
the variance quma for Pascal (v,p) is larger than the variance of
Poisson (£ 8), which is E e = ypq"1a

v(F ) = P{__ = 0 i F } = e 1ig strictly convex in 6 and mix-linear,

8 is a.ppllcablea In fact P{gg = 0} = qY for Pascal ‘(v,p); this
is larger than exp (mypq"1) for Poisson (£ 6) as we have vy log (1 =~ p) >
> « yp(1 = p)~".

v(F) = P{x = 1 | F} / P{x = 0 | F} can be shown to be strictly mix-

convex and v( FB) = 0 18 linear, 80 by an obvious modification of

BO 1 Py ITUTY P

lemma 8

(25) v(FEE) = | v(Fy) ad(e) > V(Fefelﬂ),
nemely

(26) ypq~ = X > YD

— 11 —



,, ';* o Pﬂ ly&. ( gl 9 I 8 5 ) = B i nOmj. al ( o] 9 p ) .£[v B@t & ( ) oy 8 8 ) o
By l b VEE R

n > 1 that of Binomial (n,r/(r+s)). In fact we have

Ty the variance of the Polya distribution must exceed for

(r+s)2(r+a+1)

(27)

‘?(Fp) = P{.E. = 0 E FP} w (1 = p)n is convex in p (strictly so for
n > 1), and mix-linear, In fact P{_{ 0} equals

- B
(28) e e and (=)

for Polya (n,r,s) and Binomial (n,r/(r+s)) respectively. They are
clearly equal for n = 1 and for n > 1 the Polya distribution has
larger P L.‘E = O]n

We shall compare the sum xr“ of a random number of indepemdent

# . * o » »
gd with the sun _:5( EI) of a fixed (not necessarily integer) number
of X;3 we assume that all moments. mentioned in the following exist.
Let x have characteristic function ¢, and suppose that, for someé real

a . . s : .
& 2 0y ¢ is a characteristic function. From the expansion of

In analogy to (20) we have .
E_JF"EI:: E,(_g'lx) “EIo Ex;
(30) (L") = EAL" | 3) + oB(E (L | y)) =

= E(zo®(x) + P(gEx) =Ey.02(x) + ?(3). € xo



d. has the same

(€ S

9. If both generallzatlons are defined,

expectation and no smaller variance than : the variance

is larger unless Uz(x) =0 or &£x = 0,

def

Lerma 10, If P{x > O} = 1 and 0 < p; °S" P{x = 0} < 1, and the

distribution of y is non-degenerate, then if both generalizations

are defined we have

_ 0} N P{ﬁ(gl)% _ o}o

(31)

Proofs. Lemma 9 follows from (29) and (30), For lemma 10 note that

poy is & strictly convex function of y and apply Jensen's inequality

to P{_Jf_(el)wﬂ o} = poex- and P{gg_xw = 0} = | Pgﬂ = 0} dG(y) = Epox-.

Remark 1. We have equality in (31) if p, = 0, py = 1 or y is

degenerate,

Remark 2., With lemma 2 we could translate lemmas 9 and 10 into results
for strongly additively closed {F }, requlr:.ng I-‘*'{__6 > 0} = 1 in the
case of lemma 10. But then © (-}-[-8) = 807 (x ) is linear 1n 8 and the

variance is mix-concave, while P{«-e = 0} = (P{x1 = 0}) is convex

end P{x = 0} is mix-linear, If o (6) > 0 and §

# 0 the variance
is strictly mix-concave; if O < p{_1 = 0} < 1 a.nd G (3) > 0 we have

strictly convex P{x, = 0}.

Thus the results follow already from the (stronger) lemma 83 1
and 10 could also have been derived in this way.

anmnas 9

I want to thank Professor Hemelrijk and Dr. Van Zwet for some helpful

suggestions,

— 13 —



Appendix 1

List of mixtures and generalizations

For the definitions of the distributions see Appendix 2,

This list gives some well=known examples; it is far from being

complete,

As usual, q denotes 1 = Po

: . " A)se
Neyman A(A,u) = Poisson (ku) {LPOlsBon (\) = [Poisson (u)]Postson (A)=,
- )]Poisson ()

= [Binomial (n,p) /\ Poisson (up

w |
Pascal (v,p) = Poisson (A) ‘Q’Gma (qu ,Y) = [Poisson (1)]Gama (papv)%,

= [Poisson (pq-‘l )]Gamma (1,7)= _ rj..og (p)]Poisson («y log q)*

Poisson Pascal (A,y,p) = Pascal (ky,p) ~ Poisson () =
_ EPascal (np)jPomson ()

\ Poisson (1) =
= [Binomial (n,P)jPOIBson (A)=

Pascal (cy .P)’ci‘(’ramma (8,v) = [Log

= |[Pascal (c,p)]Gma (Byy)s

Poisson (up) = Binomial (n,p) @Poisson (u) = [Binomial (1,

)] Poisson (u)se

Polya (n,r,s) = Binomial (n,p) /gBeta (r,s)
; - § o azn
Gamma (1,yY) = Gamma (a  ,y+3) A\ Pascal (v,1=a 1)

Gurland (a,8,u) = Poisson (up)_{} Beta (a,B) = Polya (nnu,B)f;\.Poisson (u) =

= (Binomial (nap)jp\ Beta (a B)) /;}.Poiason (u)

Laplace (1) = Normal (0,(12) /\2 Gamma (1,1)



Appendix 2

List of distributions

t & in %) 8
e listed

It will be obvious what is meant by Binomial (n,p), Degener:

Normal (u 502) or Poisson (A). The other distributions used a3

here.

DENSITY OR PROBABILITIES 8) EXPECTATION; VARIANCE;

HARACTERISTIC FUNCTION

Beta (r,s)

r > 0, 8>0

Gurland (Q,B,ﬁ) 9) (x = Og 15 ama)
@ >0, 8>0,u>0

(a+B8+1)(a+8)’

1F1(m,a+B,u(elt-1))

Laplace (B)

8)- For arguments not mentioned the value 18 Zero.

9) Recurrence relations for PE_ = x] are given by GURLAND

10)'1‘1:15.5 is the negative binomial, but we prefer the shorter name. For
integgﬁiy'it is the distribution of the number of successes preceding

the y  failure,

—e 18—



8)

NAME DENSITY OR PROBABILITIES EXPECTATION; VARIANCE:
RESTRICTIONS CHARACTERISTIC FUNCTION
. . A o AK n ky, X nkex 2 2

Poisson Binomial (l@ngp} e 2 "1 ( x )p q- Anp; An p “'*' Anpq;
A > 0O, integer n > O, k=0 exP(}‘{(Pelt""Q)nﬂ})
0 < D < 1 {X = 0@ 'ﬂ% ooa)

: 11) o 0 )
Poisson Pascal (A,Y.p) (x = 0, 1, ccc) YApq 3 YAipg (Yp+1);
A >0, Y>0,0<p <1 exp(A{q¥(1-pe®) V=1})

+X., s+n+ +r+
Polye (n,r,s) (%) = m(ner s}
J ° (r+s8) (r+s+1)
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RESUME

Comme 1'a d€montrd GURLAND (1957), il existe une relation entre le
mé&lange de fonctions de répartition & un paramdtre, et la g&n8ralisation
d'une distribution (c'est & dire la convolution de ¥ facteurs idmtiques,
ot Yy est une variable al8atoire). Avec cette relation, gquelques 4
propriétés simples du m&lange et de la g8n&ralisation sont d&rivées.

Une partie de ces résultats a &té obtenue déji par TEICHER (1960), avec
une démonstration différente. Quelques observations sont faites sur le
type d'u_ﬁ m&lange dont toutes les composantes sont singuli®res,

Le m&lange g€néral 3 un paramétre est compard avec une composante
reprdsentative, et la gén&ralisation est comparée avec une convolution

d'un nombre fixe de facteu'rs. Dans deux appendices on trouve des exemples

et une liste des distributions mentionnes.



